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Cosmic void as a cosmological probe is reviewed. We introduce the theoretical background
and recent development in observations of cosmic voids, focusing on its potential to test
theorists of gravity. Four observables about cosmic voids are introduced: void number
counts, weak gravitational lensing, redshift-space distortions and ISW around voids.
We discuss opportunities on their application to current and future galaxy surveys and
highlight challenges for this subject.
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1. Introduction
In light of the recent detection of gravitational waves from the binary neutron
star merger GW170817 and simultaneous measurement of its optical counterpart
GRB170817A, several popular classes of model of gravity beyond the ΛCDM are
ruled out,1–5 but many other models remain viable and would affect the growth
of large-scale structure of the Universe differently, such as Brans-Dicke type theo-
ries including f(R) gravity,6 the normal-branch Dvali-Gabadadze-Porrati (nDGP)
model,7 and more complex variants of dark energy within the standard gravity.
Although these surviving models such as f(R) gravity and nDGP are not com-
pletely satisfactory alternative to dark energy for cosmic acceleration, the key gen-
eral physical properties, the screening mechanisms8,9 are likely to remain relevant
and necessary for further development of alternative gravity models at cosmological
scales. This is in part due to the fact that, by far, there is no strong evidence for
a deviation from GR from solar system tests and from conventional cosmological
probes of the late-time large-scale structure which focus on high-density regions of
the Universe. For example, weak gravitational lensing, galaxy clustering including
redshift-space distortions and cluster abundances are, in general, weighted by the
locations of galaxies, which are thought to form on peaks of matter distribution.
Theoretical attempts trying to explain cosmic acceleration by changing the law of
1
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gravity will have to pass tests of gravity delivered from conventional solar system
tests. These stringent requirements leaves relatively little space for the development
of alternative models. In essence, any viable model should converge to GR in high-
density regions where most of these observations have set constraints on. This is
why screening mechanism is usually needed to suppress any possible deviation from
GR in those circumstances, which then leaves possible deviation from GR in the
regime beyond the radar of conventional probes. For example, in large-scale cosmic
voids or at the outskirt of galaxy clusters, behaviour of gravity may be allowed to
be different.
At the mean time, as mentioned in Chapter 1, recent observations have indi-
cated several low-level tensions between large-scale structure and CMB. For exam-
ple, the constraints on Ωm−σ8 set by weak gravitational lensing from the late-time
Universe is in 2-3σ tension with constraint from CMB temperature fluctuations
from Planck.10,11 Likewise, the measurement from the brightest SZ cluster number
counts seems to prefer lower ranges of Ωm − σ8 than the best-fit Planck cosmology
from the CMB temperature power spectrum. Perhaps the most prominent tension
is the constraint for the local Hubble expansion rate H0 delivered by CMB mea-
surement versus that from the late-time SNe data, which is reported to be at the
level of 3-4σ.12,13 Several anomalies in the CMB have also been reported, such as
the Cold Spot in the southern Galactic plane,14,15 the alignment of quadrupole
versus octopole in the CMB,16,17 the ‘power deficit’ at the low-` range of the CMB
power spectrum,18 and the asymmetry of clustering between the north and the
south Galactic plane19,20 – all these are confirmed by the Planck data.21 While the
reason and significance for these tensions and anomalies are disputed, i.e. it could
be due to observational systematics, before they are verified or disproved by fu-
ture observations or with new convincing analysis for the data, it remains possible
that they indicate the imperfection of the standard model and thereby chances for
new physics. There is yet not a satisfactory alternative theory of gravity which can
convincingly explain those anomalies and tensions. Nonetheless, for the concern of
cosmology, realising that GR being the undying governing law of gravity for the
whole Universe is an assumption which comes from extrapolating the law extracted
from the near-Earth environment to cosmological scales, it remains important to
test the equivalence principle and GR at these scales. More generally speaking, scale
is only one dimension of concern for the test of gravity. Other circumstances such
as time evolution, density of local environment or the properties of local potentials
are also relevant situations where the law of gravity needs to be tested.
A general feature for the surviving modified gravity models is that they often
rely on screening mechanisms to suppress the fifth force in high-density regions. This
is true for both the f(R)22,23 and nDGP models.7 The former features a chameleon
screening and the latter the Vainshtein screening mechanism.24,25 These non-linear
behaviour of gravity inevitably alters structure formation in an environmentally
dependent manner, i.e. in the regime where the fifth force is suppressed, gravity
is back to GR and structure formation remains similar to that of the ΛCDM; in
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places where the fifth force is unscreened, such as in low density regions in the f(R)
model,9,26,27 or outside the Vainshtein radius in nDGP model,26,28 structure for-
mation will be different due to the fifth force. This naturally leads to two branches
of research in using cosmic voids to test theories of gravity: (1) on large scales,
looking directly into the impact of the fifth force on the observable properties of
cosmic voids; (2) at small scales, using cosmic voids as the environment for proper-
ties of dark matter haloes, galaxies or stars. This review focuses on recent research
activities in the first area.
2. Cosmic voids
Cosmic voids are under-dense regions of the Universe in terms of dark matter and
galaxy distribution. In principle, the distribution of voids of different sizes is re-
lated to the N-point correlation function of the density field of the Universe, and
is encoded with information beyond the variance of the field. Therefore, it can be
used as an alternative to characterise the nature of large-scale structure beyond the
galaxy/matter two point statistics.29–33 Moreover, the density profiles of voids en-
code information about cosmological model and are shaped differently by different
laws of gravity. These lay the basis for why it is useful to study voids, and in general,
voids and clusters for cosmology. Therefore, the evolution of individual void and the
statistical distribution of voids are important to be understood.
2.1. voids as individuals
The evolution of individual void is addressed by the pioneering work of34–36 with the
spherical model. In the GR ΛCDM universe, the acceleration of a spherical matter
Fig. 1. Figure taken from Figure 3 of36 The evolution of the void density profile from its initial
condition till shell-crossing, starting with a spherical top-hat under-density (left) and a void with
an angular averaged SCDM profile (BBKS, eqn. 7.10).37 Different line styles represent different
epochs: a = 0.05, 0.1, 0.2 and 0.3. See also Fig. 6 of the recent review article.38
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shell is solely governed by the total mass within the radius r, and the background
dark energy density ρΛ.
r¨
r
= − 1
6M2Pl
[ρv − 2ρΛ] , (1)
where ρv is the mean matter density within r; ρΛ is the background dark energy
density; MPl = 1/
√
8piG is the reduced Planck mass with G being the gravitational
constant. r˙ represents the time derivative, or velocity, and so r¨ is the acceleration. If
the initial profile is a spherical top-hat under-density with radius Rv, as illustrated
in Fig. 1, the under-density will expand faster than the Hubble expansion. The
matter shell right outside Rv will expand slightly slower than the matter shell at
Rv. When the inner shell overtakes the outer shell, shell crossing occurs. In an
Ωm = 1 universe, this happens when the radius of the under-density expands by a
factor of 1.7, and the density contrast of the top-hat void is δ = −0.8. These values
have little dependence on cosmology. The depth of the top-hat void at shell-crossing
has been taken as one of the conventional definitions for voids, and has been applied
to predict the size distribution function of voids using the excursion set theory.36
With more realistic initial conditions form N-body simulations, this model has been
shown to be successful in tracking the evolution of void density profiles for large
voids.39
2.2. void distribution function
Like the dark matter halo mass function, the statistical distribution for void popu-
lation can be predicted with the excursion set theory40 (see also Chapter 4 for more
details). The basic idea of the excursion set theory is that for a Gaussian random
field, the variance S = σ2(Ri) when smoothed by a filter of the size Ri, is specified
given the linear matter power spectrum and the window function. A sequence of
the density fluctuation δ(S) given by a series of increment in S, which is equivalent
to decrease of the smoothing scale, follows a Brownian random walk, if the filtering
of the density field is a k-space top-hat.36,40,41 A random walk up-crossing the halo
formation barrier δc corresponds to the formation of a halo, and one that down-
crosses the void formation barrier δv represents a void. The probability density of
a walk first crossing the barriers between [σ, σ + dσ] is expressed as:
df(σ, δc,v) =
δc,v
σ
√
2
pi
exp
(
− δ
2
c,v
2σ2
)
dσ
σ
, (2)
where δc = 1.686 for haloes and δv = −2.81 for voids are the linearly extrapolated
densities at shell-crossing, both coming from the spherical model assuming a top-
hat initial density. The number density of haloes/voids as function of mass n(M),
or equivalently radius Ri, is then
dn(M)
dM
=
ρ¯ df(σ, δc,v)
MdM
(3)
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where M is the mass within the spherical top-hat for either voids or haloes, and ρ¯
is the mean matter density of the Universe. Once the linear matter power spectrum
is specified, the abundance of haloes or voids can be predicted with the above
equation. However, applying the above equation to void leads to violation of volume
conservation. Individual voids expand as they evolve, by the time of shell-crossing,
their radius would have increased by a factor of 1.7 and a factor of ∼ 5 for their
volume. The sum for the volumes of voids therefore exceed the total volume of
the Universe. An improved version of the above model was given by Jennings et
al.42 by imposing volume conservation, with which the agreement between N-body
simulation and the new model is shown to improve.42
It is worth noting that the shell-crossing densities mentioned above are derived
from the setting that the initial condition is a spherical top-hat, which is unrealistic
in the real Universe. This assumption affects the shell-crossing density for voids more
than for haloes, as the former is directly related to the derivative of the initial profile
and the latter is governed by the total mass within a certain radius. Therefore, it
is unsurprising that the predictions for the abundance of voids from this setting
does not agree very well with simulations or observations. Nonetheless, this model
provides a useful guidance for the general physical picture of voids in the following
aspects: (i) voids are expanding relative to the background; (ii) as voids expand,
they become emptier; (iii) the distribution of voids in terms of their sizes follows
some Press-Schechter-type43 function.
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Fig. 2. Voids identified in simulations using dark matter particle distribution. Grey curves rep-
resenting boundaries of voids are drawn on top of the projected density of dark matter. Three
different void finding algorithms are shown for comparison: the spherical void finder,44 the water-
shed void finder45 and the zobov void finder.46 Despite some detailed differences for the exact
boarders of voids, the largest void region in the simulation are consistently found by all the three
algorithms.
2.3. voids in simulation and observations
In the real Universe, voids have complex shapes and different density profiles. Due
to this nature, there is no good consensus for the definition of voids in simulations
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and observations. For example, there is no clear-cut answer for where the boarder of
a void should be due to their irregular shapes. However, it is relatively unambiguous
that they should be under dense at their centres. For example, Fig. 2 compares the
void regions identified in simulations using three different void finding algorithms,
the spherical void finder,44 the watershed void finder45 and ZOBOV.46 We can see
that despite having different boundaries, the largest voids are found in all the three
different algorithms. Broadly speaking, void finding algorithms can be classified into
two categories: the first uses the distribution of mater or tracers of matter to define
under-dense regions, such as the three void finding algorithms mentioned above.
The second uses velocity divergence to identify outflow regions, e.g.47 Like the ex-
ample give in Fig. 2, the strongest characteristic of voids being under-dense usually
converges among different ways of finding voids. But the quantitative measurement
for the abundance of voids as function of radius may differ significantly. This is
one aspect of voids one needs to keep in mind when applying it to cosmology or
astrophysics. More detailed comparisons of different algorithms can be found in.48
In observations, void catalogues have been generated from galaxy redshift sur-
veys, and one of the most exploited dataset is in the SDSS area.49–53 These have
been used to study their imprints on the CMB via the Integrated Sachs-Wolfe (ISW)
effect,51,54–63 constrain cosmology via the Alcock-Paczyński Test (AP) test,64–67
measure the linear growth of structure68–70 and weak gravitational lensing signal
around voids71–75 . On top of the above, there have been a number of astrophysical
and cosmological applications of voids being proposed. These include: void ellipticity
as a probe for the dark energy equation of state,76–79 void abundances and profiles
for testing theories of gravity27,80–86 and constraining neutrino masses,87 the na-
ture of dark matter,88 baryon acoustic oscillations in void clustering.89,90 In this
chapter, four observables of voids will be reviewed: void abundance, gravitational
lensing of voids, redshift-space distortion around voids and ISW around voids, with
a focus on their potentials to test theories of gravity.
3. The fifth force in cosmic voids
A general feature of modified gravity is that the presence of a fifth force, which
changes the strength of gravity and violates the equivalence principle in certain
circumstances. As shown in24,82,91 for chameleon screening mechanism, violation of
the equivalence principle for theories of gravity, often shown as a deviation of the
inertial mass from the gravitational mass in under-dense regions, could be of the
order of unity. This is also the case for the Cubic Galileon model,86 which comes
with the Vainshtein screening mechanism.25
In this section, we use a specific example of a coupled scalar field model to
explain how the chameleon screening mechanism works in spherical structures, and
illustrate how it affects large-scale structures, particularly voids. Starting from the
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Lagrangian of this model
L =
1
2
[
M2PlR−∇aφ∇aφ
]
+ V (φ)− C(φ)LM, (4)
in which R is the Ricci scalar. LM lumps up the Lagrangian densities for dark
matter and standard model species including radiation and neutrinos, except for
dark energy, which in this model, is replaced by the scalar field φ, with V (φ) being its
potential. The field is assumed to couple universally with dark matter and standard
model species, characterised by the coupling function C(φ). Given the functional
forms for V (φ) and C(φ), the coupled scalar field model is specified. To survive
observational constraints mentioned in the introduction, the choice of these two
functions for the model can be narrowed down. Qualitatively, we want the model to
have the same expansion history as the ΛCDM, and to have the behaviour of gravity
back to GR in high-density regions. The model investigated by92,93 is designed to
satisfy such requirements, with
C(φ) = exp(γφ/MPl), (5)
and
V (φ) =
ρΛ
[1− exp (−φ/MPl)]α . (6)
In the above ρΛ is a parameter of order the present dark energy density, γ, α are
dimensionless parameters controlling the strength of the coupling and the steepness
of the potential respectively (see Fig. 1 of92 for an illustration of the potential).
When having α  1 and γ > 0 as in,92,93 which ensure that Veff(φ) has a
global minimum close to φ = 0 and that d2Veff(φ)/dφ2 ≡ m2φ at this minimum is
very large in high-density regions, the above requirements are met in that: (1) φ is
trapped close to zero throughout cosmic history so that V (φ) ∼ ρΛ behaves as a
cosmological constant; (2) the coupling is modulated by the local density ρ, i.e. the
fifth force is strongly suppressed in high-density regions where φ acquires a large
mass, m2φ  H2 (H is the Hubble expansion rate), and thus the fifth force cannot
propagate far. The suppression of the fifth force also happens at early times when the
density of the Universe is high, which naturally ensures that the model converges to
GR in the early Universe. Therefore, the fifth force is mainly active at late times and
in low density regions – voids. This model has similar environmentally dependent
behaviour as the scalar field model first investigated by,24 and is an example of the
chameleon models, which employs the chameleon mechanism to suppress the fifth
force (see chapter 1).
The coupling of a scalar field with matter induces a fifth force, as shown by the
geodesic equation for matter
d2r
dt2
= −~∇Φ− Cφ(φ)
C(φ)
~∇φ, (7)
where r is the position vector, t the physical time, Φ is the Newtonian potential
and ~∇ is the spatial derivative; Cφ ≡ dC/dφ. The second term on the right hand
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side is the fifth force. The acceleration of a test particle is no longer solely provided
by the gradient of the Newtonian potential, and part of it will be provided by the
gradient of the scalar field, i.e. the fifth force.
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Fig. 3. Taken from Clampitt et al.82 to illustrate the ratio between the fifth force versus Newto-
nian force η in the coupled scalar field model.92,93 Left panel: Variations of η with the spherical
top-hat radius r. The exterior density is fixed to the cosmic mean today, ρout = ρ¯m. Various
values of interior density ρin are shown, with ρin decreasing from top to bottom. Center panel:
The same, but for continuous variations of ρin, fixed ρout = ρ¯m and various values of radius r,
with r decreasing from top to bottom. Right panel: The same, but for continuous variations of
ρout, fixed ρin = 0.1 ρ¯m, and various values of radius r, with r decreasing from top to bottom.
To illustrate the physics of the fifth force in voids in the above model, one can
set up an isolated spherical top-hat void, solve for its corresponding scalar field
profile, and compute the profiles of the fifth-force. This has been been detailed in,82
and summarised here. The evolution equation of the spherical underdensity (void)
is the key relevant equation. In this model, it can be written as
r¨
r
= − 1
6M2Pl
[ρv(1 + η)− 2ρΛ] , (8)
which differs from Eq. (1) by a factor of (1 + η), where η is the ratio between the
fifth force and Newtonian gravity:
η =
√
3αΩΛγ
dψ
dτ
∣∣∣
τ=r/λout
1
2Ωm (H0Ri) (ayv)
−2 (9)
where ψ = φ/φout and τ is the distance from the void centre normalised by the
Compton wavelength of the scalar field at the background, λout. The above equation
can be solved iteratively with Eq. (8). This can be done for the entire density profile.
Examples of the fifth force versus Newtonian force profile is shown in Fig. 3. A
general feature for the chameleon model is that the fifth force is pointing outwards
from the void centre, which will accelerate the expansion of voids, making them
grow larger and deeper than their GR counterparts, as shown by the top and middle
columns of Fig. 4. It is worth noting that for the same under-density, the expansion
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velocity of the matter shell is larger in the chameleon model than in GR, due to the
larger acceleration it has been experiencing via equation (8).
From this physical picture, the following four observables are expected which
can be used to test the effect of the fifth force.
• The fact that voids grow larger in chameleon models also means that they
become emptier. The difference of matter distribution can be measured via gravita-
tional lensing of voids. Perhaps more importantly, for models where there is order-
of-unity difference between the lensing potential and the Newtonian potential, the
gravitational lensing effect will respond to it directly, with potentially significant
deviation from GR for the expected lensing signal. These will be addressed in Sec-
tion 4.2.
• The fact the voids expand faster in chameleon models suggests that the velocity
field around voids may provide a smoking gun to test these models. Moreover, since
the velocity is the first time integral of acceleration, it responses more sensitively
to the onset of the fifth force than the density field does. The information about
0.0
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a
Fig. 4. Taken from Clampitt et al.82 to illustrate the evolution of voids in the coupled scalar
field model.92,93 Top row: void radius r in units of its initial comoving radius R, as a function of
scale factor a. Center row: Fractional difference between the void radii in the coupled scalar field
model versus their GR version of the same initial conditions. Bottom row: Fractional difference in
the velocity. Columns show various values of initial comoving radius, R = 1, 3, 10 and 30 Mpc/h,
from left to right. Different values of the exterior density are shown, with δenv decreasing from top
to bottom. The largest deviations from GR occur for voids expanding within a larger overdense
region.
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the velocity field is contained naturally in the void-galaxy correlation function in
redshift space, i.e. redshift-space distortion around voids. This will be discussed in
Section 4.3.
• The difference for the evolution of individual voids also lead to statistical dif-
ferences for the void population. One may expect small voids to merge and form
larger voids, which will change the distribution function of the size of voids. The
rate it occurs will be affected by the presence of a fifth force and lead to changes
of the void population. Counting the number of voids as a function of their size is
therefore another probe that can be used to test theories of gravity, which will be
detailed in Section 4.1.
• The fact that the fifth force is suppressed in high-density regions and active in
under-dense regions opens up a series of tests by comparing astrophysical phenom-
ena in over-dense and under-dense regions and looking for the differences.91,94–97
For example, the properties of dark matter haloes or galaxy clusters and groups,
galaxies, gas and stars components in galaxies may all be different in different en-
vironment due to the fifth force.
Fig. 5. From Clampitt et al.,82 top-panel, comparing the void number counts as a function of
their radius/volume between the coupled scalar field model (solid line) and the GR ΛCDM model
(blue-dashed line). The bottom panels shows their fractional differences.
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Fig. 6. From,98 constraints on Ωm-σ8 for a flat ΛCDM universe using extreme value statistics
with the largest void from the 2MASS-WISE galaxy catalogue and the largest cluster from the
Atacama Cosmology Telescope (ACT). 68% and 95% confidence levels are shown for void (blue)
and cluster (red) individually as well as for the combined case (black).
4. Observables for voids
4.1. size distribution function of voids
Using the well-developed excursion set theory mentioned in Section 2.2, one can
predict the number of voids passing a density threshold for GR and modified gravity
models. Note however, if one takes shell-crossing as the void formation barrier, the
corresponding linearly extrapolated density δv in modified gravity models may not
necessarily be a constant. For example, because of the screening mechanism, δv can
depend on scale and environment density,82,99 and in some specific cases, shell-
crossing does not occur at all due to the varying strength of the fifth force along
the radial direction of a void, i.e. for top-hat voids, the outer matter shell may have
more rapid total acceleration than its inner shell and so the latter will not be able
to catch up with the former.
Nonetheless, one can take the default GR value of δv = −2.81 as the common
void formation barrier for different models, and compare the resulting abundances
to the GR version. The example for the coupled scalar field model is presented in
Fig. 5. Indeed, we expect the abundance of voids to be higher than in the GR model
for the range of void radius shown in the figure. It is worth noting that the difference
between the chameleon model and GR in terms of void abundance is nearly a factor
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of 10 greater that of the difference for the halo mass function. This suggests that the
abundance of voids may be more sensitive than haloes for constraining theories of
gravity. Predictions for the f(R) and Symmetron models from N-body simulations
by99 qualitatively confirms this. Although, it was also shown that when (mock)
galaxies are used to define voids, it becomes more difficult to distinguish different
models.99
A major challenge in using void abundance to test gravity is the ambiguity
of void definition. To some extent, the conclusion may depend on the sample of
galaxies and the specific void finding algorithm used to find voids. This leaves space
for comparing different methods to find the best signal-to-noise for distinguishing
different models. To overcome this challenge, mock galaxy catalogues have been
employed to compare with data. As a consistency test, agreements have been found
between the simulated void abundance with a fixed ΛCDM cosmology versus data
from the SDSS CMASS galaxy catalogue,52,63 although, a ∼ 3σ tension between
data and simulation was noted in.52 This may turn out to be another statistical
fluke or due to unknown observational systematics. Future survey such as DESI100
with its much larger survey volume will be able to tell more decisively if the tension
remains.
The abundance of voids and clusters have also been combined to study cosmol-
ogy. Using the extreme values statistics on the largest void from the 2MASS-WISE
galaxy catalogue and cluster from the Atacama Cosmology Telescope (ACT), Sahlén
et al.98 were able to set constraints on Ωm-σ8 for a flat ΛCDM universe, as shown in
Fig. 6. It has also been demonstrated that combining void abundance with cluster
abundance is a powerful way to break degeneracies among cosmological parameters
and potentially offers tighter constraints on modified gravity via the linear growth
rate index γ from f = Ωγm.101 γ is shown to be confined within a narrow range of
γ ≈ 0.55 in GR.102.
4.2. lensing around voids
For individual voids, the density profile of voids will be altered by the presence of a
fifth force. This can be measured using gravitational lensing around these objects.
Weak gravitational lensing by large-scale structure of the Universe has been well
studied via cosmic shear, γ, the distortions of background galaxy images by the
foreground structures. This signal can be thought of being contributed by the lensing
signal from peaks and troughs of the density field, and is sourced by the lensing
potential
ψlens =
1
c2
∫
Dls
DsDl
(Φ + Ψ)dz, (10)
with Φ and Ψ being the time part and space part of the metric potentials in the
perturbed FRLW metric and z is the redshift. Dl, Dls and Ds are the line-of-sight
angular diameter distances of the lens, the source and that between the lens and
the source respectively. The 2D Laplacian of the lensing potential is related to the
April 1, 2019 12:39 WSPC/INSTRUCTION FILE Void_V6
Towards Testing Gravity with Cosmic Voids 13
lensing convergence κ via κ = 12∇2ψlens. In the GR limit where Φ = Ψ, it can be
expressed as
κ =
3H20 Ωm
2c2
∫
DlDls
Ds
δ
a
dz. (11)
The lensing convergence is therefore related to the projected mass density along the
line of sight. It is related to the tangential component of the shear γt via
γt(Rp) = κ(< Rp)− κ(Rp) = [Σ(< Rp)− Σ(Rp)]/Σcrit, (12)
where κ(Rp) and Σ(Rp) are the convergence and projected mass density at the
projected radius Rp; κ(< Rp) and Σ(< Rp) are the averaged convergence and pro-
jected mass density within Rp (see Figs. 7 & 8 for examples). Σcrit = c
2
4piG
Ds
DlsDl
is
the geometry factor. The density profiles of voids (or clusters) can then be mea-
sured by stacking the shear signal of the background galaxies around them. Like
galaxy-galaxy lensing, this usually requires identifying voids using 3D positions of
galaxies and having lensing source galaxies behind the voids – a lensing survey over-
lapping with a spectroscopic redshift survey. Attempts have been made to identify
voids using lensing photo-z surveys alone,75,103 or to measure the projected under
densities on the sky plane.104–108 The first forecast for the detectability of void
lensing via stacking was made by Krause et al.71 and Higuchi et al.72 Detections of
void lensing signal has been achieved by73,74 in the SDSS area and the DES science
verification data.75 CMB lensing of voids has also been detected by.63,109 These
detections paves the way for using the signal to test theories of gravity using future
galaxy redshift surveys and lensing surveys.
For chameleon models which have not been ruled out such as f(R)gravity,110
the effect of the scalar field on the lensing potential is minor and so the lensing
signal is unchanged if the density profile of voids are the same. In these models,
the fifth force affects the lensing signal indirectly via the change of the dark matter
density profile (Fig. 7). For the Galileon models (or massive gravity model), which
comes with the Vainshtein screening mechanism, the relation between the lensing
potential and the density perturbation can be strongly modified and the lensing
signal around voids can be very different even the mass density profile is the same
as in GR. For example, in the Cubic Galileon model, the lensing effects around
voids of the same profiles as in GR can be a factor of two larger,86,111 see Fig. 8.
The difference is dominated by the direct effects of the fifth force on the lensing
signal.86 For this kind of model, lensing of voids is potentially one of the most
powerful probes to distinguish them from GR. Even the Galileon model has been
ruled out,112 it remains interesting for the community to explore this possibility
for compelling models of this kind. It is also worth noting that for the Cubic and
Quartic Galileon model, no solution for the scalar field can be found in deep voids
at the late time,113 which is a caveat for the model. This problem persist even when
the the quasi-static approximation is dropped.114
April 1, 2019 12:39 WSPC/INSTRUCTION FILE Void_V6
14 Yan-Chuan Cai
Fig. 7. From Cai et al.,27 the lensing tangential shear profiles around voids identified in N-
body simulations of ΛCDM model and f(R) models, with increasing strength deviation from GR
labels as F6, F5 and F4. The bottom panels shows the differences from GR. Σ(< Rp)− Σ(Rp) is
proportional to the surface mass density within the projected radius of Rp to which we subtract
the surface mass density at Rp.
Fig. 8. From Baker et al.,111 the observed lensing tangential shear profiles (data points with
errors) around SDSS voids and SDSS LRG galaxy image data. Colour lines are model predictions
from GR and the Cubic Galileon model with different void central density.
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In observations, lensing signal around voids is usually sample-variance lim-
ited,71,72,115 i.e. the signal-to-noise can be improved by having larger survey areas.
The measurement is best conducted with a lensing survey over the same area as a
spectroscopic survey, within which voids can be identified using the 3D positions
of galaxies (although 2D voids can also be identified with a lensing survey alone
with photo-z, see75). Near future surveys such as LSST and Euclid will meet such
a requirement for at least part of their areas. A recent forecast for the detectability
of the f(R) model has been made in,115 finding that the distinguishing power with
LSST and Euclid is still limited to F5, which is compatible to other cosmologi-
cal tests over similar scales115 (see Table 1 of Lombriser (2014)116 and references
therein). With a similar survey setting and using 3D voids, the constraining power
for the nDGP model is found to be somewhat weaker.117
A recent development on lensing around voids has generalised the idea to
troughs, which is to measure the lensing signal around under densities in the pro-
jected galaxy field.104–107 This has the advantage over the 3D void method for the
following reasons: (1) identifying troughs in projected galaxy density field does not
require 3D positions of galaxies, therefore, a lensing survey alone allows the mea-
surement to be conducted. (2) An analytical model to predict the signal has been
developed in,104,107 which allows the constraints on cosmology, and possible ex-
tensions to modified gravity. (3) The lensing signal around troughs can be much
stronger than 3D voids if one chooses a relatively small size for the troughs (or
aperture), although the price to pay is that the difference between GR and modi-
fied gravity may be weaker due to the projection effect. In a recent study by Cautun
et al,115 it has been shown that in their specific setting, the distinguishing power for
f(R) vs GR is indeed greater using troughs than using 3D voids. Note that the con-
clusion of Cautun et al. may not necessarily apply to other settings of galaxy surveys
and lensing surveys. It remains important to investigate the optimal distinguishing
power for testing gravity for specific surveys.
4.3. redshift-space distortions around voids
While gravitational lensing probes the sum of the two metric potentials, the motion
of galaxies usually responses only to the Newtonian potential. The combination of
lensing and kinematic measurement such as redshift-space distortions can be used
to test the gravitational slip.118–123 This applies to voids, where the gravitational
slip may be the strongest.124
Redshift-space distortions (RSD) arise from the fact that the observed distance
of a galaxy s is perturbed by its peculiar velocity along the line of sight vpec:
s = r + vpec/(aH), (13)
where r is the real space comoving distances of a galaxy, a is the scale factor of the
Universe and H is the Hubble constant. On large scales, infall motion of galaxies
towards high-density regions causes the amplitudes of galaxy clustering to increase
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along the line of sight. The galaxy two point correlation function appears flattened
along the line of sight. For voids, we expect to have coherent outflow velocities
around void centres, but the expected distortion pattern is not simply the opposite
of the case in high-density regions. Several studies have developed and tested models
for RSD around voids in the standard ΛCDM model68,125–127 in order to extract the
growth rate. At the linear order, the redshift-space void-galaxy correlation function
is
ξs(r) = ξr(r) +
1
3
βξ¯r(r) + βµ2[ξr(r)− ξ¯r(r)], (14)
where µ = cos θ and θ is the subtended angle from the line of sight; β = f/b and
f = d lnD/d ln a is the linear growth rate with D being the linear growth factor
and b is the linear galaxy bias. ξr is the real space void-galaxy correlation function.
In this model, the void-galaxy correlation function may be flattened or elongated
depending on the real space density profile of voids, and its corresponding velocity
profile68 (see Fig. 9 for an example). Linear theory applies to regions where the
density fluctuation is small, which may not be the case near the centre of voids. As
shown in Nadathur et al.,126 the distortion patten with a second order term included
may differ from the linear model (see126 for an expression where some higher order
terms are kept). This is also hinted by the study of Achitouv & Cai.128 They have
shown that in regions where the local density is significantly lower than the mean
density, the growth rate is non-linear. This suggests that more sophisticated model
may be needed to fully describe the distortion patterns near the void centre. This has
been a topic of active investigation in recent years, with some noticeable theoretical
problems and debates not fully resolved in GR. I listed a few of them here: (1) to
what accuracy the galaxy bias around voids remains linear; (2) to what accuracy
the mapping between density and velocity around voids remains linear. Nonetheless,
an accurate modelling for the distortion pattens induced by peculiar velocities can
be used to constrain the growth of structure.
RSD around voids encodes information about the density and velocity. This is
ideal for capturing the difference between GR and non-standard gravity models,
where violation of the equivalence principle may occur most evidently in voids. The
fact that voids become deeper in chameleon models will show as a higher amplitude
of monopole in the void-galaxy correlation function in real space. This effect will
be enhanced further when observing voids in redshift space because of the larger
amplitudes of expansion velocity around voids. Therefore, RSD around voids is a
promising observable which can capture the combination of these two effects.27,68
The linear model can be used as a consistency check for deviations from GR. It has
been demonstrated in68 that the linear growth rate can be recovered using RSD
around voids.
Observational constrains for the growth rate parameter using RSD around voids
have been reported by Achitouv et al.129 from the 6dF Galaxy Survey, Hawken et
al.130 from the VIPERS survey and Hamaus et al.69,70 using SDSS void catalogues.
Among them, a somewhat lower growth rate was found at z ∼ 0.7 from the VIPERS
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results than from other constraints from other measurements (Fig. 12 in the paper),
though not significant. Also, at lower redshift, there is a 2−3σ tension with GR from
the SDSS low-z sample,70 as shown in Fig. 10. These may indicate an imperfection of
current linear model, or a tension with general relativity. One also needs to caution
the possible imperfect calibration of survey systematics in the SDSS area.131
Fig. 9. From Cai et al.,68 left: comparing the the void-halo correlation function in redshift space
measured from simulations with the linear theory. The black contours give results from the sim-
ulation and the white contours are the best-fit linear model. Right: the upper panel shows the
monopole and quadrupole moments of the correlation function. The black curve is from taking all
measurements of voids along three different major axes of the simulation box, with the shaded
region showing the error on the mean. The other three curves represent results from viewing the
simulation along three different major axes. The black filled circle with error bars is the best-fit
value from viewing voids along three different directions. The red, blue and orange filled circles
and errors are from individual viewing directions. They are slightly offset from each other to aid
visibility.
4.4. ISW signal from voids and superclusters
The Integrated Sachs-Wolfe (ISW) effect54 is a CMB secondary effect which arises
from the evolution of large-scale gravitational potentials. In the ΛCDM universe,
dark energy stretches cosmic voids and superclusters, causing their gravitational
potentials to decay. Photons from the CMB will lose/gain energy when traversing
a void/supercluster, and so the CMB temperature is expected to be colder/hotter
when a void/supercluster sits along the line of sight. The induced temperature
fluctuations are
∆T
TCMB
= − 1
c2
∫
(Φ˙ + Ψ˙)dt, (15)
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Fig. 10. From Hamaus et al.,70 constraints on the growth rate pamameter β(z) = f(z)/b(z)
using void-galaxy correlation functions from the SDSS LOWZ (blue circles) and CMASS (red
squares) galaxy samples. Stars represent the joint constraint from voids of all redshifts in each
sample. Vertical solid lines indicate one and two σ errors. The dashed line with yellow shading
shows fiducial GR ΛCDM model with the linear bias b = 1.85. The tow data points at the lowest
redshifts are not fully consistent with the model line.
where the Φ˙ and Ψ˙) are the time derivative of the metric potentials and TCMB is the
CMB temperature. The signal is sensitive to the time variation of the metric poten-
tials, and its detection would give direct evidence for dark energy and can be used to
constrain theories of gravity.120,132 In the standard model, the signal is expected to
be much smaller than the primordial CMB temperature fluctuation, posing a chal-
lenge for its direct detection. Therefore, cross-correlation between galaxy samples
with the CMB is usually employed to extract the signal. A ∼ 4σ detection of the
signal has been reported by combining multiple galaxy samples and cross-correlate
them with the CMB,133,134 and these have placed constraints for the chameleon
models.120,132
Another way to detect the signal is by stacking the CMB with voids and super-
clusters found in the late-time large-scale structure. This should yield a cold and hot
spot respectively for voids and superclusters. It was first conducted by Granett et
al.55 where a somewhat unexpected high significant (∼ 4σ) result was reported by
stacking superstructures found form the photo-z galaxy catalogue in the SDSS area.
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However, the amplitudes of the signal were higher than expected from the standard
model. Follow up analysis using similar method with spectroscopic redshift cata-
logue (but still in the SDSS area) confirms the results qualitatively,51,56–61,63,135
which may indicate a tension with the standard model, but the study by Nadathur
& Crittenden62 has found an agreement with the ΛCDM model when using a (dif-
ferent) matched filter approach.
While the debate over the amplitudes and significance of the stacked ISW signal
around voids and superclusters may continue, all the above studies have found that
the sign of the ISW signal to be consistent with expectation from the standard
model. These analysis, together with the positive cross-correlation between the en-
tire galaxy sample with the CMB, strongly indicate that the late-time large-scale
potentials are indeed decaying. This has placed the strongest constraints for the
Galileon model.112 Combining superstructures from galaxy surveys which cover a
different area from the SDSS should be able to beat down the statistical error and
hence help to settle the debate and provide better constraints for cosmology.
5. Summary and notes for the future
Observables of cosmic voids focus on low density regions of the Universe. They are
potentially powerful for testing theories of gravity where violation of the equivalence
principle is expected to occur most prominently in low density regions. A common
reason behind this is that void statistics such as abundance, void lensing and RSD
are sensitive to the non-Gaussianity of the density field, which is expected to be
different in modified gravity models than in GR.
Using the four observables about voids mentioned above, some level of tension
or inconsistency for cosmological constraints have been reported, in contrast to the
constrains from conventional methods such as two-point statistics. For example,
both the void abundance and void RSD analysis using SDSS data have indicated
some level of tension with the standard ΛCDM model,52,70 which is not seen in
most of the SDSS analysis using galaxy clustering. We know that there are observa-
tional systematics such as star contamination and galactic extinction in the SDSS
data.131,136,137 Although they have been calibrated to meet the precision require-
ments needed for galaxy clustering, it is unclear if such systematic calibration is
sufficient for the relevant void statistics.
Therefore, while these new analysis using voids may open up windows for new
physics, one needs to be cautious about possible effect from uncharted observa-
tional systematics. Next generation galaxy surveys such as DESI, LSST and Euclid
promises to increase the current survey volume and number of galaxies by an order
of magnitude. The statistical errors of these measurements will go down substan-
tially, and so the control over systematic errors for galaxy surveys will be paramount.
Calibration of observational systematics will likely to remain the major challenge
for constraining theories of gravity using large-scale structure.
Facing this challenge, it is perhaps more pressing to employ novel cosmological
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probes and new methods of data analysis. Given that different probes may suf-
fer from different systematics, using multiple probes will allows them to be cross-
checked with each other and deliver more stringent results.
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